Abstract: From first principles we develop figures of merit to determine the gain experienced by the guided mode and the lasing threshold for devices based on high-index-contrast waveguides. We show that as opposed to lowindex-contrast systems, this quantity is not equivalent to the power confinement since in high-index-contrast structures the electric and magnetic field distributions cannot be related by proportionality constant. We show that with a slot waveguide configuration it is possible to achieve more gain than one would expect based on the power confinement in the gain media. Using the figures of merit presented here we optimize a slot waveguide geometry to achieve low-threshold lasing and discuss the fabrication tolerances of such a design.
Introduction
A critical photonic component yet to be demonstrated on a silicon-based platform is an electrically pumped device with optical gain for amplification or lasing. Achieving this optical gain in a silicon-based device is extremely challenging since silicon is an indirect band-gap semiconductor and therefore an inefficient photon source. Hybrid silicon devices based on direct band-gap III-V materials bonded to silicon photonic elements present an interim solution [1] , however, the reliance on a wafer bonding step prohibits a high throughput fabrication process possible with a silicon-based process.
One possible configuration for silicon-based gain is the recently proposed slot waveguide design [2, 3] . In this configuration a low-index gain material such as Er-doped SiO 2 or Erdoped Si 3 N 4 can be inserted into one [4] or multiple [5] thin slots between two silicon rails. Electrical excitation of the gain material could be achieved by passing a tunneling current through the slot-region.
One key advantage of this configuration is the large optical field enhancement in the slotregion due to the boundary conditions imposed on the electric field normal the slot interface [6] . Since the normal electric displacement ( D E ε = ) must be continuous across the interface, the electric field in the slot waveguide is enhanced by the ratio of the dielectric constant of silicon to that of the slot material. In semiconductor materials this enhancement can be as large as one order of magnitude.
Typically waveguide gain is assumed to be proportional to the percentage of the guided mode power which overlaps with the gain medium; however, this is not true for high-index contrast waveguides due to the large electric field discontinuities at dielectric interfaces. This discrepancy results from Fermi's Golden Rule which states the electric field of an electromagnetic wave, not the power, determines the emission rate for an excited state [7] (and consequently the modal gain).
In standard low-index-contrast waveguides, optical gain and power confinement are considered proportional based on the following arguments. For electromagnetic plane waves in homogenous media the magnetic field H can be written in terms of the electric field E and the impedance of the material according to:
where ˆz e is a unit vector along the direction of propagation (which we have chosen to be the zdirection) and n is the index of refraction of the material. This is often written in the form relating the major components of the electric and magnetic fields (for a TM mode in this case) [8] :
where β is the propagation constant defined as 2 n β π λ ≡ . Based on these relationships the electric field energy, and waveguide power stored in a given region can be used interchangeably since they differ only by a constant. In this case the percentage of power overlapping the gain medium can be used to calculate the resulting modal gain, and it is often assumed that the same can be said for waveguide modes. For high-index-contrast waveguides, however, the linear relationships between the electric and magnetic fields (Eqs. (1) and (2)) do not hold since they must satisfy different boundary conditions. This is shown in Fig. 1 . For low-index-contrast waveguides, Eqs. (1) and (2) are close approximations. Figures 1(a) and 1(b) shows the fundamental TM mode with an index difference of 0.25 between the core and cladding. We see close agreement in the magnitude and spatial profiles of these two fields. However, as the index-contrast is increased to 2.5 ( . Notice that y E must be continuous across the dielectric interfaces to the left and right of the waveguide, and discontinuous across the top and bottom interfaces. The H x on the other hand must be continuous across all interfaces since the magnetic susceptibility is the same in all regions. This leads to noticeable differences between the electric and magnetic field magnitudes and profiles. This difference becomes dramatic when the peak of the electric field is placed at a dielectric discontinuity as is the case for slot waveguides (Figs. 1(e) and 1(f)). The strong difference between the spatial distribution of the electric and magnetic fields in high index contrast is the reason that power confinement is no longer a relevant quantity when calculating gain in high-index-contrast waveguides. This issue is also present when calculating the sensitivity of waveguides to changes in refractive index. Several previous papers have overcome this problem by either determining waveguide sensitivity empirically [9] or by introducing correction factors [10] , however, there is little discussion as to the origin of the correction factors.
In this paper we derive from first principles the appropriate confinement factors and figures of merit for modal gain in high-index-contrast waveguides. We show explicitly that the modal gain is dependent on two quantities: the group velocity and the electric field energy confinement in the slot region. The lasing threshold however is independent of the group velocity and determined only by the electric field energy confinement. We also show that in some instances decreasing the width of the slot can decrease the lasing threshold despite the reduction of gain material. This counter-intuitive result can be understood as the increased emission rate for material in narrow slots [6] overcoming the reduction in volume of gain material. Additionally we show that the percentage of power confined to the slot region (sometimes used as a confinement factor) can incorrectly predict the modal gain in highindex-contrast waveguides.
Confinement factor for high-index-contrast waveguides
To rigorously calculate gain in high-index-contrast waveguides we derive from first principles a proportionality constant (known as a confinement factor Γ ) which relates bulk material gain ( b g ) to the modal gain ( m g ) in a guiding structure:
where m g and b g have units of inverse length. The bulk material gain can be determined from the magnitude of the electric field for a plane wave propagating along the z-direction through the gain medium:
To calculate the effective confinement factor for a given waveguide mode profile, we begin with an expression for the electric field of a guided mode propagating along the zdirection. This can be written as the sum of all three vector components of the electric field using Einstein summation notation:
where ê is the polarization vector, Ψ is the cross sectional mode profile, and β is the complex propagation constant defined as
where 0 k is the angular wavenumber in free space, and r n and i n are the real and imaginary parts of the effective index respectively. By writing Eq. (5) in the same form as Eq. (4) we can see that the modal gain is determined by the complex propagation constant. From Eq. (6) we can then write the gain of the guided mode in terms of the imaginary part of the effective index:
Similarly we can write the bulk material gain in terms of the imaginary part of refractive index of the active gain material:
(8) Expressing gain in this form allows us to treat it as a perturbation to the refractive index of the waveguide. We can now calculate the modal gain by introducing a small imaginary part to the refractive index ( Ai n Δ ) in a given active region ( A ) and solve for the complex propagation constant of the guided mode. This can be performed using variational methods [11] :
where ( )
According to Eqs. (6)- (8) this can be written in the form:
Here c is the speed of light in vacuum, the integral in the numerator is carried out only over the area of the active gain region (since this is where 0 ε Δ ≠ ), and the integral in the denominator is carried out over the entire cross section of the mode. We recognize the term in the brackets as the proportionality constant in Eq. (3) and therefore we can express the confinement factor as:
Note that as expected the stimulated emission rate (and thus the gain) depends on the intensity of the field which is proportional to 2 E . Since this term is normalized to unit power, the confinement factor can be thought of as the amount of intensity overlapping the gain medium per unit input power. Note that most previous derivations of this confinement factor err by incorrectly substituting the electric for magnetic field in attempts to simplify the expression. This is commonly written as [12] [13] [14] :
and thus Eq. (11) could be written as the percentage of power or intensity confined to the active region. However, as shown in Section 1, the expression in Eq. (12) is not valid for high-index-contrast waveguides since it is based on the relationship for plane waves in homogeneous media that
The expression for the confinement factor (Eq. (9)) can be simplified into the product of two terms: one related to the group velocity, and the other related to the confinement of the energy density of the electric field. The energy stored per unit length (U l ) in a dielectric waveguide can be written as [15] :
Note that here we have neglected material dispersion when writing the stored energy per unit length. To account for material dispersion one should replace epsilon with ( )
(11) [16, 17] . If silicon is the most dispersive material, the error introduced by making this approximation is less than 7% at a wavelength of 1.55 microns. The group velocity of the mode ( g v ) describes the speed with which energy flows through a given cross section. Therefore we can write the power flux through a given cross section of the waveguide as:
Using the definition of group index ( g g n c v ≡ ) we substitute Eq. (14) into Eq. (11) and rewrite the confinement factor as:
We see from the simplified expression for the confinement factor that the modal gain can be defined as the product of a term related to the group index and a term related to the confinement of the electric field energy density. The first term can be thought of as a confinement in time since increasing the real part of the group index relative to the bulk index has the effect of slowing the propagation of the guided mode. Therefore for a given waveguide length, light can spend more time in the gain media resulting in an enhancement of the modal gain per unit length. The second term represents the spatial confinement of the energy density to the active region of the waveguide which we define as:
Since this term can be as large as 1 we see that the total confinement factor in Eq. (15) can be larger than 1 if the group index is larger than the bulk refractive index. This means that it is possible to achieve more gain per unit length in a guided structure than would be possible in bulk. This phenomenon has been noted before for modal absorption [18] and results from the fact that light spends more time in a structure with a large group index, and thus interacts more with the gain material per unit length.
Numerical verification of analytical results
To verify our expression for the confinement factor (Eq. (13)) we use numerical methods to calculate the relationship between material gain and modal gain and compare it to the analytical results. Since the material gain can be expressed in terms of an imaginary part of the dielectric constant, we can simulate material gain in a given waveguide region by adding an imaginary component to the dielectric constant and calculating the propagation constant of the guided mode using a finite difference mode solver. The imaginary part of this complex propagation constant can then be written in terms of the modal gain according to Eq. (7). This relationship between the modal gain and material gain is the definition of the confinement factor Eq. (3) and should match the derived expression Eq. (15). We numerically calculate the modal gain according to the waveguide geometry and the corresponding fundamental TM mode as shown in Figure 2 (a) and 2(b) respectively. The waveguide geometry consists of two high index rails 500 nm wide and 250 nm tall separated by a horizontal slot 50 nm tall. For simplicity we use a wavelength of 1.5 μ m and 3.5 and 1.5 for the high and low refractive indices respectively. This is approximately the index contrast between Si and SiO 2 . Figure 2(b) shows the fundamental TM mode calculated using a Matlabbased finite difference mode solver. We simulate material gain by introducing an imaginary part of the dielectric constant to the low-index slot region. For each value of material gain we use the finite difference mode solver to calculate the complex propagation constant and calculate the corresponding modal gain according to Eq. (7). (circles in Fig. 1(c) ) represents the confinement factor according to Eq. (3). We also calculate the confinement factor Γ based on Eq. (15) and the calculated TM mode in Fig. 1(b) . We plot b g Γ as the dashed line in Fig. 1(c) . As expected, our calculated confinement factor agrees very well with the relationship between the modal and material gain from numerical simulations. The difference between these two factors (0.4328 from Eq. (15) and 0.4368 from the numerical simulations) is less than 1%. To highlight the difference between this confinement factor and the confinement of power to the gain medium we also plot on this graph A b P g where we define the power in the active region as:
We see from Fig. 1(c) that the modal gain of a slot waveguide is substantially larger than would be expected from the percentage of power confined to the gain region. As discussed in Section 2, this enhanced modal gain results from both the large group index as well as the increased electric field energy density in the slot. The electric field energy density is underestimated using the H field (See Figs. 1(e) and 1(f)).
Minimizing the lasing threshold
One of the primary interests in these structures is achieving lasing, therefore it is important to identify which factors aid in reaching the condition that the modal gain exceeds the modal loss. Since material gain was written as a positive imaginary part of the material's refractive index, similarly, material loss can be written as a negative imaginary part of the refractive index. The modal loss can then be determined following the same derivation in Section 1. The result is that the modal loss ( m α ) is related to the bulk material loss ( b α ) by
where b n is the refractive index of the bulk material and b γ is the energy density confinement in the material similar to Eq. (16). In general there will be several loss mechanisms which can be written as sum of terms of the form Eq. (18) . To achieve lasing, the threshold condition requires the modal gain per unit length be greater than the modal loss per unit length:
We see immediately that the group index can be divided out of Eq. (19) . This is because increasing g n increases the time it takes light to propagate through the waveguide which increases both the gain and loss per unit length equally.
We see from the lasing threshold condition (Eq. (19)) that increasing the group index will not help one reach the lasing threshold despite that fact that the gain per unit length increases. While above and below the lasing threshold the net modal gain depends on the confinement factor Γ , we see from Eq. (19) that the lasing threshold itself is determined only by the confinement of the electric field energy density ( A γ ). Although A γ is generally larger than the power confinement in the slot, it is always less than or equal to 1. Therefore the lowest lasing threshold for these structures is limited by the bulk material gain. An identical result can be derived by analyzing resonant cavities. In that case A γ relates the material to modal gain per unit time [19] . Based on the threshold condition in Eq. (19) we can define a new figure of merit which represents how easily lasing can be achieved in a waveguide. Since in practice the modal loss m α is often an experimentally measured parameter with units of inverse length, we can substitute this measured quantity into Eq. (19) and rewrite the lasing threshold condition as:
This quantity m α Γ is a useful figure of merit since it is equal to the minimum bulk material gain needed to reach the lasing threshold in the waveguide. Because the group index cancels out in Eq. (18), this figure of merit can be directly compared for waveguides of different geometries to determine which can achieve lasing with the lowest material gain coefficient.
Scaling behavior of gain versus slot thickness
While narrow slots enjoy greater local field enhancement, they also contain less gain material. Therefore the important question arises as to how the total gain in these structures depends on the slot thickness. As the width of the slot becomes increasingly narrow, the magnitude of the electric field increases until it reaches its maximum determined by the difference between dielectric constants in the high and low index region. This results in a greater stimulated (and spontaneous) emission rate of the material in the slot region [6] . According to the laser rate equations this should result in larger modal gain coefficients [20] . However, as the slot becomes increasingly narrow the area of the active region decreases. Therefore although the gain material is "working harder" there is less matter contributing to the gain. Thus it is important to understand how these competing phenomena affect the lasing threshold. . The total confinement factor ( Γ ) (squares) and power in the slot region (P A ) (triangles) as a function of slot width. Dotted and dashed lines mark the slot widths which maximize Γ and P A respectively. The discrepancy between these two plots shows that the percentage of power in the gain media is not an accurate indication of either the magnitude or the optimal design for modal gain.
To minimize the lasing threshold we look for a maximum in the spatial confinement factor ( A γ ) as a function of slot thickness which is plotted in Fig. 3(a) . The maximum near a slot width of 60 nm illustrates the important point that the tradeoff between emission rate (which increases as the slot is narrowed) and material volume (which decreases as the slot is narrowed) results in an optimal slot width for minimizing the lasing threshold. Initially, as the slot narrows from 120 nm, the increased emission rate more than compensates for the decrease in volume of gain material, and A γ increases. Near a thickness of about 50 nm the emission rate begins to saturate as it approaches its maximum value determined by the index contrast between the high and low index regions. After this point, further reduction of the slot thickness decreases the volume of material contributing to the gain without much enhancement of the emission rate, and the result is a sharp drop in A γ .
As a comparison to previous methods, we plot in Fig. 3 (b) the relative power confined in the slot region according to Eq. (17) and show again that slot waveguides outperform expectations based on previous theoretical treatments. We see that both the magnitude of the modal gain and the optimal geometry are miscalculated using this method. The gain calculated numerically (in agreement with Γ ) is nearly twice as large as would be expected based on the power confined to the slot mode. Additionally, the optimal slot width is miscalculated by more than 10% using power confinement.
(a) (b)
Optimizing slot waveguide geometry
To optimize the dimensions of a slot waveguide for an electrically pumped silicon laser, we apply the principles in the proceeding sections to achieve a waveguide design with a minimal lasing threshold. We estimate that the slot thickness should be no larger than 10 nm in order to achieve electrical injection via tunneling into an oxide-based gain media using bias voltages on the order of volts [4] . Therefore we keep the slot thickness fixed at 10 nm and compute the confinement factors as we vary the height and width of the waveguide. Here we have used the refractive indices of Si (3.48) and SiO 2 (1.46) as the high and low index material respectively, and a wavelength of 1.55 μ m. We have assumed that gain only occurs in the slot region. Figures 4(b) -4(d) show respectively the total confinement factor ( Γ ), the group index normalized to the slot index (n g /n A ), and the energy density confinement factor ( A γ ) as a function of height and width of the waveguide. We see in Fig. 4(b) that the maximum modal gain for a 10 nm thick slot occurs near a waveguide width of 940 nm and a height of 340 nm (marked by the square) and has a value Γ = 0.336. Both the energy density and group index peak near a waveguide height of 340 nm. As the width of the waveguide is increased, the energy density in the slot region (and thus the net gain) increases. The group index, on the other hand, decreases with increasing waveguide width. These competing parameters result in a maximum Γ near a width of about 940 nm.
In contrast to the modal gain, with a fixed slot thickness, the minimal lasing threshold (determined by A γ ) shows no well-defined optimum. This is because the lasing threshold will scale only with the energy density confinement. The value of A γ ( Fig. 4(d) ) increases monotonically with waveguide width and asymptotically approaches the value for an infinitely wide slab waveguide, which we calculate to have a maximum of A γ = 0.137 for a waveguide height of 340 nm. We see from Fig. 4 that the optimal device geometry is relatively insensitive to variation in waveguide dimensions. Around the optimal design, variations of approximately ±50 nm in the total height and width of the waveguide result in changes in the confinement factors of less than 5%. This allows the device performance to be relatively unaffected by size variations which can occur during fabrication.
(a) (b) (c) (d)
Discussion and conclusions
We have shown that some commonly applied metrics are not appropriate for determining gain in high-index-contrast waveguides, and from first principles developed several figures of merit to characterize waveguide structures for gain. In particular we have shown that the concept of power confinement to the gain region significantly miscalculates the gain experienced by the waveguide mode. Instead we have shown that the true confinement factor which determines gain per unit length results from the combination of group index and confinement of the electric field energy to the gain region. These terms can combine and in some cases exceed unity meaning that one can achieve greater gain per unit length than would be possible in the bulk material. The lasing threshold on the other hand only depends on the percentage of electric field energy in the gain region. To account for this we have introduced a new figure of merit to describe the suitability of a waveguide to achieve low-threshold lasing. This figure of merit is the experimentally measured propagation loss divided by the confinement factor introduced in this paper. The evaluation of this ratio determines the minimal material gain required to achieve lasing in the waveguide structure.
Additionally we have applied our analysis to the design of slot waveguide structures. We have shown that the lasing threshold has a minimum for a particular slot width and increases dramatically as the slot is made thinner. Also we have shown that gain characteristics of the waveguides are fairly insensitive to variations in overall waveguide dimensions.
Since the confinement factors presented here were derived from perturbation theory, they can be applied to other phenomena in high-index-contrast waveguides including refractive index sensing. In deriving the confinement factors presented here we have studied gain as a perturbation of the imaginary part of the refractive index over a given region of the guided mode. The same formalism holds true for perturbations to the real part of the refractive index and therefore the confinement factors for gain presented in the paper can also be used as confinement factors for refractive index sensing [10, 18] and have shown good agreement with experiment [21] .
In summary, this work provides the qualitative and quantitative analysis necessary in developing high-index-contrast waveguides for applications such as amplification and lasing.
